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Abstract-In recent. years, many authors demonstrated the usefulness of fractional calculus op- 
erators in the derivation of (explicit) particular solutions of a number of linear ordinary and partial 
differential equations of the second and higher orders. The main object of the present paper is to 
show how readily some recent contributions on this subject by several workers, involving various 
interesting classes of non-Fuchsian differential equations (including, for example, the Fukuhara and 
‘IXcomi equations and the celebrated Bessel and Whittaker equations), can be obtained (in a unified 
manner) by suitably applying some general theorems on (explicit) particular solutions of a certain 
family of linear ordinary fractional differintegral equations. @ 2003 Elsevier Science Ltd. All rights 
reserved. 
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1. INTRODUCTION, DEFINITIONS, AND PRELIMINARIES 
The subject of fractional Cal&us (that is, calculus of derivatives and integrals of any arbitrary 
real or complex order) has gained importance and popularity during the past three decades or 
so, due mainly to its demonstrated applications in numerous seemingly diverse fields of science 
and engineering (see, for details, [1,2]). Recently, by applying the following definition of a frac- 
tional differintegral (that is, fractional derivative and fractional integral) of order Y E EC, many 
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authors have explicitly obtained particular solutions of a number of families of homogeneous (as 
well as nonhomogeneous) linear ordinary and partial fractional differintegral equations (see, for 
details, [3]; see also [4-g]). 
DEFINITION. (Cf [IO-151.) If the function f(z) is analytic (regular) inside and on C, where 
c := {c-,c+}, (1.1) 
C- is a contour along the cut joining the points z and -oo + U(z), which starts from the point 
at -00, encircles the point t once counterclockwise, and returns to the point at -co, C+ is a 
contour along the cut joining the points t and 00 + 0(z), which starts from the point at 00, 
encircles the point z once counterclockwise, and returns to the point at co, 
(1.2) 
YEW\%-, z- := (-1, -2, -3,. . .}, 
and 
f-n(z) := ,@, {f”(Z)), n~M:={1,2,3 ,... }, (1.3) 
where C # z, 
--A 5 arg(C - z) 2 ?T, for c-) (1.4) 
and 
0 2 arg(< - z) 5 2~, for c+, (1.5) 
then fy(z) (V > 0) is said to be the fractional derivative of f(z) of order v and fV(z) (V < 0) is 
said to be the fractional integral of f (2) of order -Y, provided that 
REMARK 1. Throughout the present work, we shall simply write fV for f”(z) whenever the 
argument of the differintegrated function f is clearly understood by the surrounding context. 
Moreover, in case f is a many-valued function, we shall tacitly consider the.principal value of f 
in our investigation. For the sake of convenience in dealing with their various (known or new) 
special cases, we choose also to state each of the fundamental results (Theorem 1 below) for 
homogeneous (as well as nonhomogeneous) linear ordinary fractional differintegral equations of 
a general order p E IR. 
We find it to be worthwhile to recall here the following useful lemmas and properties associated 
with the fractional differintegration which is defined above (cf. e.g., [lo-151). 
LEMMA 1. LINEARITY PROPERTY. If the functions f (.a) and g(z) are single-valued and analytic 
in some domain R c Cc, then 
(kl f (z> + k:!dz)), = kl f&J + k2 s%(z>, u E R, z E R, (1.7) 
for any constants k1 and kp. 
LEMMA 2. INDEX LAW. If the function f (2) is single-valued and analytic in some domain R C @, 
then 
(f&NV = fp+&) = (f&N, 9 
f,(z) # 0, f”(Z) # 0, IL? v E R z E i-l. (1.8) 
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LEMMA 3. GENERALIZED LEIBNIZ RULE. If the functions f(z) and g(z) are single-valued and 
analytic in some domain Cl C_ Cc, then 
(f(z) .9(Z))Y = 2 (;) h-.(z) .9n(z), v E K z E Q 
n=O 
(1.9) 
where gn(z) is the ordinary derivative of g(z) of order n (n E No := MU {0}), it being tacitly 
assumed (for simplicity) that g(z) is the polynomial part (if any) of the product f(z) . g(z). 
PROPERTY 1. For a constant A, 
(ey = AVeX”, x # 0, v E R, z E cc. (1.10) 
PROPERTY 2. For a constant A, 
(e-Xz)v = eeinv A” e-“, X # 0, v E W, z E Cc. (1.11) 
PROPERTY 3. For a constant A, 
(1.12) 
Some of the most recent contributions on the unified presentation of explicit particular solutions 
of linear ordinary and partial fractional differintegral equations are those given by Tu et al. [3] 
who presented unification and generalization of a significantly large number of widely scattered 
results on this subject. We begin by recalling here one of the main results of Tu et al. [3], 
involving a family of linear ordinary fractional differintegral equations, as Theorem 1 below. 
THEOREM 1. (See [3, p. 295, Theorem 1; p. 296, Theorem 21.) Let P(z;p) and Q(z; q) be 
polynomials in z of degrees p and q, respectively, defined by 
P(z;p) := 2 arc zPmk 
k=O 
= a0 fi(z-4, 
(1.13) 
a0 #O, PEN, 
j=l 
and 4 
Q(z; q) := c bk zq-‘, bo #O, q E N. (1.14) 
k=O 
Suppose also that f-” (# 0) exists for a given function f. 
Then the nonhomogeneous linear ordinary fractional differintegral equation 
p(~;PM,(z) + f: (;) 
k=l 
pk(z;?‘) +g (Ic” ,)8*-d%‘)] &-k(z) 
0 
(1.15) 
+ ; q!bo&-q-l(z) = f(z), 
PL,vER P,9EN, 
has a particular solution of the form 
4(z) = (&$j eH(z;p*q)) -1 e-H(zip~q) v-~+l , z E C \ {zl, . . , zp} , (1.16) 
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where, for convenience, 
m P, 4) := s 
= Q(C;d 
P(CP) dc7 ZE@\{Zl,...,Zp), (1.17) 
provided that the second member of (1.16) exists. 
Furthermore, the homogeneous linear ordinary fractiona differintegral equation 
P(5PMP(Z) + f: (3 
k=l 
P~(z;~) + g (k ” l)Q&x)] ~cL-~(~) 
+ 
0 
; q! blJ &q-l(Z) = 0, 
(1.18) 
has solutions of the form 
qqz) = K (e-H(z;pq v-lr+l ) (1.19) 
where K is an arbitrary constant and H(z;p, q) is given by (1.17), provided that the second 
member of (1 .19) exists. 
REMARK 2. As already remarked in conclusion by Tu et al. [3, p. 3011, it is fairly straightforward 
to observe that either or both of the polynomials P(r;p) and Q(z; q), involved in Theorem 1, 
can be of degree 0 as well. The definitions (1.13) and (1.14) do serve our main purpose in this 
investigation. 
The main object of the present paper is to show how readily some recent contributions on 
this subject by (for example) Nishimoto et al. [16-201, Gal& [21], and Salines deRomero et 
al. [22,23], involving various classes of non-F&h&m differential equations (including, for example, 
the F’ukuhara and Tricomi equations, the celebrated Bessel and Whittaker equations, as well as 
their modified forms), can be derived (in a unified manner) by suitably applying Theorem 1 
above. 
We remark in passing that differential equations, whose only singularities (including the point 
at infinity) are regular singular points, are popularly known as Fuchsian differential equations. 
This nomenclature is based upon the fact that Immanuel Lazarus Fuchs (1833-1902) recognized 
the significance of regular singular points during the course of his extensive research on singular 
points of linear differential equations. An important example of Fuchsian differential equations is 
provided by the celebrated hypergeometric equation (or, more precisely, the Gauss hypergeometric 
equation) 
Z(1 - Z)$ +[-/-(a+P+l)z] $-c&=0, 
whose study can be traced back to Leonhard Euler (1707-1783), Carl F’riedrich Gauss (1777- 
1855), and Ernst Eduard Kummer (1810-1893). On the other hand, a special limit (conflu- 
ent) case of the Gauss hypergeometric equation (1.20) in the form (cf. e.g., [24, p. 337, equa- 
tion (16.1) (B)]; see also [25, p. 248, equation (6.1) (4)]) 
CPW 
-j-p+ -$+;+ 
( 
l/4 -P2 
z2 
> 
w = 0 (1.21) 
is referred to as the Whittaker equation whose systematic study was initiated by Edmund Tay- 
lor Whittaker (1873-1956). While the Gauss hypergeometric equation (1.20) has three regular 
singular points at 
z=O, 1, andco, 
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the Whittaker equation (1.21) has a regular singular point at z = 0 and an irregular singular 
point at t = co; the latter is, in fact, a result of the confluence of two regular singular points 
of (1.20) at t = 1 and z = co. 
The Whittaker equation (1.21) is closely related to the confluent hypergeometric equation 
dw 
z~+(,-z)dz-uzu=o. 
which indeed is a confluent case of the Gauss hypergeometric equation (1.20) when 
*b-Z 
P 
and IPI -+ 00. (1.23) 
As a matter of fact, under the substitutions 
w  -  t-w2h ,Wb ‘w, 1 o=y’i+p, and 7,=1+2/A, (1.24) 
(1.22) reduces to the Whittaker equation (1.21). 
Other classes of non-Fuchsian differential equations which we shall consider in this investigation 
include the so-called F’ukuhara equation (cf. [21]; see also [17]) 
z2g + *g - (1 - z + 2”) w = 0, 
the Tricomi equation (cf. [26, p. 7, equation (1.2) (l)]; see also [25, p. 251, equation (6.2) (13))) 
(1.26) 
investigated systematically by F’rancesco Giacomo Tricomi (1897-1978), and the celebrated Bessel 
equation (cf. [27, p. 38, equation (3.1) (l)]) 
d2W 
z2p + z$ + (2” - v”) w = 0, (1.27) 
which is named after Friedrich Wilhelm Bessel (1784-1846). 
2. A CLASS OF NON-FUCHSIAN DIFFERENTIAL 
EQUATIONS WITH SIX PARAMETERS 
We begin by considering the following general class of non-Fuchsian differential equations with 
six parameters: 
(l+~)~+[,+g(l+~)]~+[,+~+~(l+~)]~(~,=f(~)~ @I) 
2 E cc \ (0, -11, 
where f is a given function and the parameters cy, 0, y, 6, E, and 1 are unrestricted, in general. 
With a view to applying Theorem 1 in order to find (explicit) particular solutions of the 
nonhomogeneous non-F’uchsian differential equation (2.1) , we make use of the transformation 
v(z) = zPeXrq5(z), (2.2) 
so that 
dv 
dz=Z 
P-leXz 
[zg + (P + W(z)] (2.3) 
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and 
d2p - zP-2exz 
dz2 [~2~+2(p+~i)z~+{~2z2+2,0~z+p(p-l)}q5(z)]. (2.4) 
Upon substituting from (2.2)-(2.4) into the nonhomogeneous non-Fuchsian differential equa- 
tion (2.1), we readily obtain the transformed equation 
Z”(Z + l)$ + [(2/l + py + (2p + 2x1+ P)z + (2X + cg,2] +J 
+ [{p(p + p - 1) + E} 1+ {p(p + 2x + p - 1) + x/31 + E} z 
(2.5) 
+ {x21 + (2p + P)X + pa + a} z2 
+ (X2 + Aa +-y) z”] 4(z) = z3-pe-Azf(z), z E cc \ (0, -I}. 
Finally, we find it to be convenient to constrain the various parameters involved in (2.1) 
and (2.5) by means of the following equations: 
2p+p=o, 
#0(p+P-l)+E=o, (2.6) 
x2+xcx+y=o, 
so that 
(2.7) 
and 
x=-cYfJm 
2 . cw 
Under the parametric constraints given by (2.6), the nonhomogeneous non-Fuchsian differential 
equation (2.5) would reduce immediately to the relatively simpler form 
(2 + $g + [2X1 + (2X + cY)z] g + (x21 + pa + s) (b(z) 
(2.9) \ I 
= zl-pe-Xzf(z), 2 E fJ \ (0, -q, 
where p and X are given by (2.7) and (2.9), respectively. 
Now, in Theorem 1, we set 
P = 2, p=q=l, a0 = E, a1 = 71, b. = K, and bl = u, 
E # 0, fc # 0, 
(2.10) 
so that 
and 
P(z; 1) = {z + q, 
fi(z;l) =E, (2.11) 
P&z; 1) = 0, 
Q(z; 1) = IEZ + (T, 
QI(z; 1) = 6, 
Q&; 1) = 0. 
We thus find from definition (1.17) that 
H(z;l,l) := - 
I 
* Q(t; 1) dt 
w; 1) 
(2.12) 
I =Ict+c7 = - dt (2.13) Et + rl 
= log [(& + v)(-sw . ,M] ) E#O, fi#O. 
By substituting from (2.10) to (2.13) into Theorem 1, we readily arrive at the following appli- 
cation of Theorem 1, which obviously is relevant to our present investigation. 
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THEOREM 2. If the given function f satisfies the constraint (1.6) and f-v # 0, then the nonho- 
mogeneous linear ordinary differential equation 
(2.14) 
has a particular solution in the form 
(2.15) 
provided that the second member of (2.15) exists. 
I+-thermore, the homogeneous linear ordinary differential equation 
has solutions of the form 
qb(%) = K ((Ez + q)(fi”-g~)l~2 . e-““lgel , 
z#-;’ EfO, YEJk 
where K is an arbitrary constant, provided that the second member of (2.17) exists. 
Now, in Theorem 2, we further set 
(2.16) 
(2.17) 
t= 1, 71 = 4 K.=2A+a, u = 2x1 - u, and Zl= 
x21 + pa + b 
2X+a ’ 
(2.18) 
and let 
f(z) H .zl-Pe-Xzf( z). 
We thus find that the nonhomogeneous linear ordinary differential equation (2.9) has a particular 
solution given by 
f.$(z) = (( (*l-Pe-Xzf(z))-v . (2 + I)-v-a’-l . e(2X+a)z) -1 
, (z + y+al . e-Px+4r 
> 
) 
v-1 
2 E @ \ (0, A}, v E w, 
(2.19) 
and that the corresponding homogeneous linear ordinary differential equation 
(z + l)$ + [2X1 + (2X + a)z] g + (x21 + pa + s) f)(z) = 0, 
2 E @ \ (0, -Q, 
has solutions of the form 
4(z) = K ((z + Z)v+a’ . e-(2x+a)“)y-l , 
ZEC\{O,--1}, UEW, 
(2.20) 
(2.21) 
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where p, A, and v are given by (2.7), (29, and (2.18), respectively. Therefore, the nonhomoge- 
neous linear ordinary differential equation (2.1) has a particular solution in the form 
p(z) = z”eA=$(z) 
= ZPfp 
6 
(tl-Pe-y(Z))-“. (z + y-al-1 p++) 
-1 (2.22) 
. (z + y+al . e-(2x+4z v-l ) 
> 
z E cc \ (0, A}, v E R, 
and the corresponding homogeneous linear ordinary differential equation 
(I+;)%+ [a+;(l+;)-,$+ [~+;+;(l+;)](P(T)=O’ (2.23) 
has solutions given by 
cp(z) = z@Qqz) = KzP.& (z + I)“+al e-x++ ( > , v-1 
z E cc \ (0, A}, v E lit, 
(2.24) 
where K is an arbitrary constant, the parameters p, A, and v being given (as before) by (2.7), 
(2.8), and (2.18), respectively. 
3. REMARKS AND OBSERVATIONS 
In this concluding section, we aim at presenting the precise connections of the explicit partic- 
ular solutions derived in Section 2 with those for the various familiar non-Fuchsian differential 
equations which were mentioned in Section 1. 
First of all, in its special case when 1 = 0, the nonhomogeneous non-Fuchsian differential 
equation (2.1) reduces immediately to the following nonhomogeneous version of the Tricomi 
equation (1.26): 
which was considered by Nishimoto et al. [17]. 
If, in the nonhomogeneous non-Fuchsian differential equation (2.1), we set 
1 = 0, cY=p=o, 6 = P, and 
1 E= - -g, 
4 
we readily obtain the following family of nonhomogeneous Whittaker equations: 
which obviously corresponds to the familiar Whittaker equation (1.21) when 
r=-1 
4 
and f(z) E 0. 
(3.1) 
(3.2) 
(3.3) 
REMARK 3. Motivated essentially by many earlier works by (for example) Nishimoto et al. [18-201 
and Salinas deRomero et al. [22,23], dealing with the celebrated Whittaker equation (1.21) as 
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well as its various modified forms, the generalized Whittaker equation (3.2) was investigated 
recently by Lin et al. [7, p. 57 et seq.]. 
The so-called Fukuhara equation (1.25) would correspond to a special case of the nonhomoge- 
neous non-Fuchsian differential 
1 =o, a = 0, 
With these parametric choices, 
d2v 
dz2 
equation (2.1) when 
P=l, y = -6 = E = -1, and f (2) E 0. 
(2.1) yields 
(3.4) 
which obviously is contained in the nonhomogeneous Tricomi equation (3.1) as a special case. 
Yet another special case of the nonhomogeneous non-Fuchsian differential equation (3.1) would 
occur when we set 
1 =o, Q = 0, P=r=l, 6 = 0, E = -y2 > and f(z) - y, 
so that (3.1) reduces to the nonhomogeneous Bessel equation (cf. equation (1.27)) 
which is also contained in the nonhomogeneous Tricomi equation (3.1) as a special case (see 
also [16, p. 8 et seq.]). 
Finally, we consider a special case of the nonhomogeneous non-Fuchsian differential equa- 
tion (2.1) when 1 = 1, in which case we find from (2.1) that 
(,+;)$+ [~2+;(1+;)] $+ [~+;+;(‘+;)]+) 
(3.6) 
= f(z), z E c \ {O$h 
which was investigated earlier by Gal& [28] (and, more recently, by Lin et al. [7] who system- 
atically derived its explicit particular solutions by suitably applying Theorem 1 of Tu et al. [3, 
p. 53 et seq.]). 
Explicit particular solutions of each of the aforementioned nonhomogeneous non-Fuchsian 
differential equations can easily be deduced by appropriately specializing the solutions (2.22) 
and (2.24) obtained already for the general (nonhomogeneous and homogeneous) cases (2.1) 
and (2.23), respectively. The details involved are being omitted here. 
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